This article is the first of three in a series describing recent work by CPS (Ed Cline, Brian Parshall, and myself). I will be concerned here primarily with describing the context of our work and our results on the algebraic theory of derived categories [CPSl]. I will also mention some interesting finite-dimensional algebras of finite global dimension which have arisen in our work. Indeed this work is partly inspired by the theory of finite-dimensional algebras, at least by Happel's use [Hal] of derived categories in that theory, and we are very grateful to Klaus Roggenkamp for directing us to Happel's work.
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Brian Parshall in the second article will apply derived category theory to stratify the derived category of representations of a semisimple algebraic group G in characteristic p. This is done using an axiom system modeled by BeilinsonBernstein, and Deligne [BBD] on properties satisfied by sheaves on a stratified topological space. While their point of view may be viewed as that of algebraic geometry, ours is a little more in the spirit of classical algebra, and in particular, there is no topological space in sight! It is this stratification which inspired the title of this series, "Simulating algebraic geometry with algebra," and has made us feel very optimistic about our new methods.
The third article, by Ed Cline, is largely self-contained and touches on the above themes only loosely, in that it involves derived categories (by way of injective modules) and finite-dimensional algebras (but this time not at all of finite global dimension).
Ed's focus is an approach to the Lusztig conjecture [L] through understanding injective TGi-modules (modules for the restricted Lie algebra of G together with a compatible action of a maximal torus). The ultimate goal would be the construction of the injectives. One encouraging ingredient of the theory to date is a CPS theorem [CPSS] When composed with the first equivalence of categories, in fact, we find that Verma modules in &riv do not correspond to sheaves at all, but rather to translations of naturally defined sheaves in the derived category. (The sheaves involved are direct images of extensions by zero of the constant sheaf C on a cell, the codimension of the latter determining the extent of translation.)
The irreducible modules, it turns out, correspond precisely to sheaf complexes defining the new intersection cohomology theory. The proof is then completed by appealing to earlier work of , where they calculated intersection cohomology in Schubert varieties in terms of their polynomials. As I mentioned earlier, this Kazhdan-Lusztig part of the argument is quite an event in itself, requiring results of Deligne which allow the Weil conjectures to be applied to the new intersection cohomology theory.
'Added in proof: We ignored this distinction at the conference, though it is clear now that it is important. Also, the "perverse sheaf" formalism is increasingly attractive.
What I wish to focus on, however, is the derived category aspect of the proof.
If one ignores the D-modules and Weil conjectures, the proof is still very remarkable: I know of no previous major result established by a nontrivial equivalence of derived categories. I think most mathematicians regarded derived categories as a homological curiosity, or, at best, a technical convenience. Now they have made a striking appearance in nature, and must be taken more seriously.
Perhaps it is time for
A quick kindergarten crash course in derived categories. Now everyone knows that kindergarten children have a tendency to define words in terms of actions. The result is often ungrammatical, but gets the point across. In this spirit we have
DEFINITION.
A derived category . . . is when you take complexes seriously! More formally, let A be an abelian category. We shall also assume that A has enough injectives.
(Th' is is not necessary for parts of the theory, while other parts are best expressed assuming enough projectives.) The objects of our derived categories will be complexes K' of A, except that quasi-isomorphic complexes are identified.
A quasi-isomorphism of complexes is a map inducing an isomorphism on homology.
Derived categories come in various sizes and shapes, the most common called D+(a D-(4, Db(4, and D(A). These arise from complexes of A whose cohomology is bounded below, bounded above, bounded, and perhaps unbounded in either direction, respectively.
If K' represents an object in Db(A), it is quasiisomorphic to a complex I' of injectives which is bounded below. In this way O+(A) is equivalent to the category of injective complexes bounded below, with the maps being homotopy classes of maps of complexes.
(Maps back at the derived category level are the compositions with maps of complexes obtained by throwing in formal inverses of quasi-isomorphisms, very much like localizing a ring. Actually, one only needs compositions of length two, and the inverse may appear on the left or the right [Har] .)
The reader undoubtedly learned at an early age at least a basic form of the above quasi-isomorphism to an injective complex: the case where K' is a complex consisting of a single object A of A, viewed as a complex concentrated in degree 0. A quasi-isomorphism A * I' is essentially an injective resolution of A. Such material is presented in a homological algebra course just prior to defining the notion of right derived functors R" F of a given functor F: There is of course also a nice formal aspect of the definition:
Since RF(A) is a complex, and it makes sense to apply a derived functor now to a complex, it at least makes sense to compose the derived functors RF and RG, if G: B -+ C is an additive functor on abelian categories with enough injectives.
(Often the result is the derived functor R(G o F) of the composite.
The hypotheses of the Grothendieck spectral sequence imply this, and the resulting derived functor conclusion is more desirable than the existence of a spectral sequence-which it implies-if there are further compositions to be considered.)
Finally, it also makes sense to talk about the derived functor, of a functor on complexes not obtained term by term. For example, Hom;l(K', -) has a derived functor in the sense of the above procedure.
(We will not use this generalization in this paper.)
The derived category has two other structural features we must discuss, translation and triangles.
Translation Rather than recalling the definition of a mapping cone, however, I will give one further important example of a triangle: Let be an exact sequence in A. Form the complex C' which is A in degree -1, B in degree 0, zero in other degrees, and which has the above map A 4 B as its differential in degree -1. This complex is clearly isomorphic in the derived LEONARD L. SCOTT category to C, that is, to the complex which is C in degree 0 and zero elsewhere.
However, for this realization C' of C, we have an obvious map C' -+ T(A The above approach is certainly due much further consideration, and we will surely give it further thought ourselves. But our initial reaction (to not getting anywhere) was to return to pure algebra [CPSl] . The program here is to understand and eventually construct the injective modules, with the aid of clues Residues and Duality [Har] , and the modern classic Asterisque 100 [BBD] . The latter reference in particular gives an extremely valuable discussion of the formalism involved in piecing together two derived categories (recollement) as if one were the category of sheaves on an open set, and the other on its closed complement, in some topological space.
These references are all geometrically oriented, however, and it was the theory of finite-dimensional algebras (in the spirit of Auslander, who participated in this conference) that supplied for us a key ingredient.
Tilting modules. Here is the original definition, due to Brenner-Butler [BrB] :
Let A be a finite-dimensional algebra, and T a finite-dimensional right Amodule. Then T is a tilting module for A provided the following three conditions are satisfied:
(1) T has a short projective resolution 
There are also consequences for global dimension estimates and Grothendieck groups, but we will discuss them below along with a generalization of the theorem. What we wish to make evident now is that this was just the kind of concrete algebraic result we needed to get started on our algebraic study of derived categories.
The notation mod-#A above for Happel refers to the category of finite-dimensional right A-modules, though that is not essential, and it is convenient to use the notation in the sequel, which discusses rings, for the category of all right A-modules.
Derived categories and Morita theory.
The work I will now describe is We call the algebras in A "quasi-hereditary" because A shares the following property with the class of hereditary algebras:
Any A has a nonzero ideal J such that
(1) As a left A-module, J is projective. In the hereditary case, one can just take J to be the socle of A. This is a more refined list than I presented at the conference, but perhaps closer to an axiomatization. Indeed, the above list does recursively axiomatize some class of finite-dimensional algebras if, in (3), we replace "belongs to A" by "satisfies these axioms (l), (2), and (3)." As of this writing, it seems reasonable to label these the algebras of interest, and we give them the name "quasi-hereditary."
Using Theorem (2.1) in Brian Parshall's talk [CPSB, (3.1)] one can show these algebras all have finite global dimension.
The cited theorem gives a derived category embedding
Llb ( using the derived category embedding for left A/J-modules and the injectivity of (A/J)*. The latter Ext group is of course zero by the projectivity of J.) Notice the layering in the left ideal structure which is imposed by the above axioms.
This reflects at a ring-theoretic level the stratification of their module derived categories.
To illustrate the left ideal structure, and the difference between hereditary and quasi-hereditary in simple cases, we give below the decomposition of the left regular representation in schematic form of two algebras. Each has exactly two irreducible modules, labeled a and b, of dimension one.
Hereditary
Quasi-hereditary
